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The neutron-rich dysprosium isotopes 168Dy102 and 169Dy103 have been investigated using the EURICA 
γ -ray spectrometer, following production via in-ﬂight ﬁssion of a high-intensity uranium beam in 
conjunction with isotope separation through the BigRIPS separator at RIBF in RIKEN Nishina Center. 
For 168Dy, a previously unreported isomer with a half-life of 0.57(7) μs has been identiﬁed at an 
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excitation energy of 1378 keV, and its presence aﬃrmed independently using γ -γ -γ coincidence 
data taken with Gammasphere via two-proton transfer from an enriched 170Er target performed at 
Argonne National Laboratory. This isomer is assigned Jπ = Kπ = (4−) based on the measured transition 
strengths, decay patterns, and the energy systematics for two-quasiparticle states in N = 102 isotones. 
The underlying mechanism of two-quasiparticle excitations in the doubly midshell region is discussed 
in comparison with the deformed QRPA and multi-quasiparticle calculations. In 169Dy, the B(E2) value 
for the transition de-exciting the previously unreported Kπ = (1/2−) isomeric state at 166 keV to 
the Kπ = (5/2−) ground state is approximately two orders of magnitude larger than the E2 strength 
for the corresponding isomeric-decay transition in the N = 103 isotone 173Yb, suggesting the presence 
of a signiﬁcant γ -vibrational admixture with a dominant neutron one-quasiparticle component in the 
isomeric state.
© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.One of the fundamental and universal features of nuclear sys-
tematics observed across the chart of nuclides is that the nucleus 
incurs a deviation from the spherical equilibrium shape when in-
creasing the proton/neutron valency moving away from the magic 
numbers. Rare-earth (RE) isotopes in the mass range from 150 to 
180 are known to be well deformed even in their low-lying states. 
Despite the predicted smooth variation of axial deformation as a 
function of the proton number (Z ) or neutron number (N) in the 
doubly midshell region [1–4], there are some irregularities in the 
systematics of the observed ﬁrst 2+ energies for even-even RE nu-
clides: local minima emerge at N = 98 for 62Sm, 64Gd, 66Dy and 
at N = 104 for Dy, 68Er, 70Yb isotopes (see Fig. 30 in Ref. [5]). This 
anomalous behavior of the 2+ energy has been discussed in terms 
of deformed sub-shell closures [6,7], which can stabilize the nu-
clear deformation and thereby have a signiﬁcant impact on the 
formation of the so-called RE element peak around A = 165 in 
the r-process solar abundance distribution [8,9]. The presence of 
energy gaps in the deformed single-particle space should also in-
ﬂuence the excitation spectra in well-deformed nuclei, which are 
characterized by rotational and vibrational motion, as well as by 
other non-collective excitations like K isomers (K denotes the an-
gular momentum projection on the symmetry axis of the deformed 
nucleus). The competition between such different intrinsic exci-
tations makes the excited level structure more complicated than 
a simple coupling scheme predicts, due to possible conﬁguration 
mixing. To provide a good testing ground for more advanced nu-
clear structure models that can be incorporated in any r-process 
network simulations, detailed spectroscopic studies of the excited 
states in this largely deformed region are highly demanded.
In this Letter, we present previously unreported isomeric states 
and their decay properties identiﬁed in 168Dy102 and 169Dy103, 
which correspond to double- and single-hole systems relative to 
the valence maximum nucleus 170Dy located at the double mid-
shell Z = 66 and N = 104. The presence of isomers with half-
lives of the order of several tens of nanoseconds or longer often 
facilitates exploration of exotic nuclei produced in fragment sepa-
rators by measuring delayed γ -rays that are coincident with the 
identiﬁed particles on an event-by-event basis [10], as demon-
strated recently for a number of neutron-rich RE isotopes at the 
Radioactive-Isotope Beam Factory (RIBF) [11–17]. Besides the use-
fulness to populate excited levels, characteristic isomers can serve 
as an effective probe for the underlying nuclear structure, such 
as single-particle orbitals, pairing correlations, and collective mo-
tions [18]. Thus, the present work can provide a signiﬁcant insight 
into the structure of midshell nuclides that were hard to reach pre-
viously.
We have analyzed experimental data obtained from two in-
dependent experiments; one using the EURICA spectrometer at 
RIBF [19], and the other using the Gammasphere array at Argonne 
Tandem-Linac Accelerator System (ATLAS) facility [20]. At RIBF, 
neutron-rich nuclides around A = 170 were produced by in-ﬂight ﬁssion of a 238U86+ beam at 345 MeV/u with an average inten-
sity of 12 pnA, incident on a 5-mm thick Be target. The nuclei of 
interest were separated and identiﬁed through the in-ﬂight separa-
tor BigRIPS [21]. Identiﬁcation of particles with the atomic number 
(Z ) and the mass-to-charge ratio (A/Q ) was achieved on the basis 
of the E-TOF-Bρ method, in which the energy loss (E), time 
of ﬂight (TOF), and magnetic rigidity (Bρ) were measured using 
the focal-plane detectors on the beam line. In total about 1500, 
9000, 3600, and 1700 ions were collected for 168Dy66+ , 168Dy65+ , 
169Dy66+ , and 169Dy65+ , respectively, all of which were involved 
in the present data analysis. The identiﬁed particles were im-
planted into WAS3ABi [19], which consisted of two double-sided 
silicon-strip detectors (DSSSD) stacked compactly. Each DSSSD had 
a thickness of 1 mm with an active area segmented into 60 and 
40 strips (1-mm pitch) on each side in the horizontal and vertical 
dimensions, respectively. The DSSSDs also served as detectors for 
electrons following β-decay and internal conversion processes [22]. 
Gamma rays emitted following the heavy-ion implantation and 
their subsequent radioactive decay were detected by the EURICA 
γ -ray spectrometer [19,23], consisting of 12 Cluster-type detectors, 
each of which contained seven HPGe crystals packed closely. More 
detailed information on the experimental setup and data analysis 
can be found in Ref. [5].
In the experiment at ATLAS, excited states in 168Dy were popu-
lated via two-proton removal from an 170Er target, bombarded by 
a 136Xe beam at 830 MeV. The target was composed of a 6 mg/cm2
metallic foil, enriched in 170Er, and placed on a gold backing with 
a thickness of 25 mg/cm2, thick enough to stop the reaction prod-
ucts at the target position. Under these conditions, the effective 
beam energy ranges from about 20% above the Coulomb barrier at 
the entrance to near the barrier at the rear of the target. Gamma 
rays were detected with the Gammasphere array [20]. More de-
tailed descriptions of the experimental conditions are presented in 
Ref. [24]. Gamma-ray coincidence measurements with a require-
ment that three or more Ge detectors ﬁred, in conjunction with 
pulsed beams separated by 825 ns, complemented the results ob-
tained at RIBF for isomers with half-lives in the nanosecond to 
microsecond range.
The level schemes of 168Dy and 169Dy established in the 
present work are displayed in Fig. 1, where the levels assigned 
different Kπ quantum numbers are described in different colors. 
The reader is referred to the online version of this article.
Prior to the present work, the excited states of 168Dy had been 
studied by the β decay of 168Tb [27] and multi-nucleon transfer 
reactions with a 82Se beam incident on an 170Er target [28]. The 
γ rays at energies of 75 and 173 keV, which were previously as-
signed as (2+1 ) → 0+1 and (4+1 ) → (2+1 ), respectively, have been 
conﬁrmed in delayed coincidence with 168Dy ions in the EURICA 
experiment, as shown in Figs. 2(a) and 2(b). In this analysis for 
isomeric-decay transitions, however, the 227-keV γ ray reported 
G.X. Zhang et al. / Physics Letters B 799 (2019) 135036 3Fig. 1. Partial level schemes of 168Dy (left) and 169Dy (right) obtained in the present 
work. Each level is labeled with the spin-parity ( Jπ ) and energy values. The mea-
sured (isomeric) half-lives are indicated in bold. For 168Dy, the widths of solid 
arrows are proportional to the γ -ray relative intensities summarized in Table 1, 
while the dashed arrows represent possible (unobserved) transitions to account for 
the observation of the 173-keV, (4+) → (2+) γ ray (see text). Levels with differ-
ent Kπ quantum numbers are displayed in different colors, as indicated below each 
level scheme.
in Ref. [27] and the yrast E2 sequence above the (4+1 ) state of 
the ground-state rotational band identiﬁed in Ref. [28] have not 
been observed, due presumably to the difference in feeding pat-
tern. Meanwhile, two previously unreported γ rays at 915 and 236 
keV can be unambiguously seen in Fig. 2(a).
The coincidence spectrum with a double gate on the 915- and 
236-keV γ rays in the Gammasphere data [Fig. 2(c)] clearly ex-
hibits γ rays at 111 and 152 keV, both of which are also visible in 
the low-energy part of the EURICA spectrum magniﬁed in Fig. 2(b). 
Further analyses of the γ -γ -γ cubes reveal that the 111- and 
152-keV transitions are not in mutual coincidence. Therefore, these 
transitions are placed in parallel with each other on top of the 
236-915-keV cascade. Another previously unreported γ ray at 40 
keV, which can be distinguished from the intense Dy Kα -X rays, as 
demonstrated in Fig. 2(b), is assigned as feeding the 111-keV tran-
sition, since its energy perfectly matches the gap between the 152-
and 111-keV γ rays. Similarly, a 348-keV γ ray, which was weakly 
populated in the EURICA experiment [see Fig. 2(a)], is placed in 
parallel with the 111- and 236-keV transitions.
In the EURICA experiment, γ rays following the β decay of 
168Tb have also been observed with higher statistics than in 
Ref. [27]. The results of the β-γ analysis will be presented else-
where [26]. Here, for the sake of identiﬁcation of the isomeric 
state in 168Dy, we use only the fact that the 915-keV γ ray is 
coincident with the 75-keV γ ray, but not with the 173-keV one 
[see Fig. 2(d)], thus being assigned as feeding the (2+1 ) state. An 
apparent β feeding to the 990-keV state from the parent nucleus 
168Tb, which is expected to have a ground-state spin and parity 
of (4−) with the π3/2+[411] ⊗ ν5/2−[512] conﬁguration [27], al-
lows for a tentative assignment of Jπ = (3−) [26]. Note that the 
(4−) assignment for 168Tb is based on the consideration of the 
spins and parities, as well as the corresponding Nilsson orbits, as-
signed to the respective ground states of the neighboring odd-A
Tb isotopes and N = 103 isotones [27]. The negative-parity level 
in 168Dy is a candidate for the Jπ = 3− member of the Kπ = 2−
octupole-vibrational band, which is known to emerge at compara-Fig. 2. (a) and (b): Gamma-ray energy spectra measured in EURICA after the im-
plantation of 168Dy ions within a time range of 0.35 −3 μs. A contaminant (marked 
with a ﬁlled circle) arises from an isomeric state in 173Ho67+ [25], which can not 
be entirely separated from 168Dy65+ with respect to the atomic number on the 
particle-identiﬁcation spectrum. Panel (b) magniﬁes the low-energy region up to 
300 keV. The inset of panel (a) shows the sum of the time distributions of the 236-
and 915-keV γ rays relative to the beam implantation. (c): Coincidence spectrum 
measured in Gammasphere with a double gate on the 236- and 915-keV γ rays in 
168Dy. (d): Sum of coincidence spectra measured in EURICA with gates on the 915-
and 216-keV γ rays following the β decay of 168Tb [26]. Transitions involved in the 
decay cascade are labeled with their energy values. (e): Energy projection obtained 
from the EURICA data in delayed coincidence with 169Dy ions within 0.35 − 6 μs. 
The inset shows the time spectrum of the 166-keV γ ray.
tively low excitation energies ( 1.2 MeV) in even-A Dy isotopes 
with A = 160 − 166 and 170 [14,29].
On the basis of the arguments presented above, a new isomeric 
state is identiﬁed at an excitation energy of 1378 keV in 168Dy. A 
half-life of 0.57(7) μs has been derived from a log-likelihood ﬁt of 
the summed γ -ray gated time spectra for the isomeric-decay tran-
sitions, as shown in the inset of Fig. 2(a). The eﬃciency-corrected 
γ -ray intensities (Iγ ) relative to the 236-keV line are summarized 
in Table 1. It should be noted that, despite the observation of the 
173-keV γ ray, any other γ rays which feed the (4+1 ) state can 
not be found in Fig. 2(a). If only one transition (e.g. an 1130-keV 
γ ray from the isomer) populated the (4+) state, the total transi-1
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Summary of transitions from the Kπ = (4−) isomer in 168Dy.
Eγ (keV) Iγ (rel.)a Itotb αcalT [30] σλ J
π
i → Jπf FW (W.u.−1)
40.3(3) 59(22) 97(36) 6.5× 10−1 E1 (4−1 ) → (3+2 ) 3.8(19) × 105
75.3(3) 34(13) 304(122) 8.0 E2 (2+1 ) → 0+1
111.4(3) 39(15) 108(43) 1.8 M1 (3+2 ) → (3+1 ,4+2 )
151.7(3) 35(13) 38(14) 1.0× 10−1 E1 (4−1 ) → (3+1 ,4+2 ) 3.5(17) × 107
173.3(2) 52(18) 72(24) 3.8× 10−1 E2 (4+1 ) → (2+1 )
236.4(1) 100(30) 103(31) 3.2× 10−2 E1 (3+1 ,4+2 ) → (3−1 )
347.8(5) 28(15) 29(16) 1.2× 10−2 E1 (3+2 ) → (3−1 )
914.8(3) 109(41) 109(41) 1.5× 10−3 E1 (3−1 ) → (2+1 )
a Relative to the γ -ray intensity of the 236-keV transition.
b Itot = (1 + αcalT )Iγ .tion intensity (Itot) would be balanced with the following 173-keV 
transition, yielding a peak area with ∼ 10 counts at the corre-
sponding energy, enough to be observed in Fig. 2(a). Therefore, the 
non-observation of such connecting γ rays implies that the (4+1 )
state is populated via several transitions following the decay of the 
1378-keV isomeric state.
For N = 102 isotones, Jπ = Kπ = (4−) isomers had been iden-
tiﬁed in 17068Er (Ex = 1269 keV, T1/2 = 43 ns) [24] and 17270Yb (1641 
keV, 0.5 ns) [31], while Jπ = Kπ = (6−) isomers identiﬁed in 
164
64Sm (1486 keV, 0.6 μs), 
166
66Gd (1601 keV, 0.95 μs) [11], 
170
68Er 
(1591 keV, 4.0 ns) [24], 17270Yb (1550 keV, 3.6 μs) [32], and 
174
72Hf 
(1714 keV, 0.45 ns) [33]. The known Kπ = (6−) isomers decay 
either directly or indirectly towards the 6+ state in the ground-
state rotational band [29]. For 168Dy, since the previously reported 
(6+1 ) → (4+1 ) transition of 268 keV [28] is not visible in Fig. 2(b) in 
spite of suﬃciently low backgrounds, the 1378-keV isomeric state 
is unlikely to have Kπ = 6− , and therefore, assigned Kπ = (4−).
The intensity of the 40-keV γ ray is compared to the sum of 
the total intensities of the subsequent 111- and 348-keV tran-
sitions in order to evaluate the total conversion coeﬃcient αT . 
For all combinations of possible multipolarities of the 111- and 
348-keV transitions, being either E1, M1, or E2, the deduced val-
ues of αT are in agreement only with a theoretical prediction for 
an E1 multipole character (αcalT = 0.65 [30]) within experimental 
errors. Therefore, the 40-keV transition is assigned as an E1 branch 
from the isomeric state at 1378 keV. The hindrance factor FW , the 
inverse of the transition strength in Weisskopf units (W.u.), is eval-
uated to be 3.8(19) × 105 for the 40-keV E1 transition. This value 
is consistent with those reported for the Kπi = 4− → Kπf = 3+
(K = 1) transitions in the heavier N = 102 isotones 170Er and 
172Yb [34], supporting the Jπ = Kπ = (4−) assignment for the 
1378-keV isomeric state, which decays towards the Kπ = (3+)
level at 1338 keV.
As will be discussed later, the Kπ = (4−) and (3+) states 
in 168Dy are dominated by the ν1/2−[521] ⊗ ν7/2+[633] and 
ν5/2−[512] ⊗ ν1/2−[521] conﬁgurations, respectively. Therefore, 
the K -allowed E1 transition between them is most likely ascribed 
to the single-neutron transition via ν7/2+[633] → ν5/2−[512]
with the 1/2−[521] neutron being a spectator. For the Kπ =
7/2+ and 5/2− levels at low excitation energy in the neighbor-
ing even-Z , N = 101 and 103 nuclei, the corresponding E1 tran-
sitions are known to occur with hindrances FW of the order of 
105 − 106 [29], being consistent with the value obtained for the 
(4−) → (3+) transition in 168Dy. This consistency in the transition 
strengths also supports the assignments for the Kπ = (4−) and 
(3+) states.
The 1227-keV state prefers to decay towards the 990-keV state 
rather than the ground-state rotational band at lower excitation 
energy, implying that the 236-keV transition is of a fast E1 char-
acter. Such kind of “interband” E1 transitions have been known Fig. 3. Top: Excitation energies of the Jπ = Kπ = (6−), (4−), (3+) states in N = 102
and the (1/2−) state in N = 103 isotones. Bottom: B(E2) values in Weisskopf units 
(W.u.) of the (1/2−) → (5/2−) transition with K = 2 in N = 103 isotones. The 
data are taken from the present work for 168,169Dy (Z = 66) and from Ref. [29] for 
the others.
to take place between the Kπ = 2+ (γ ) and Kπ = 2− (oc-
tupole) bands in the lighter even-A Dy isotopes [29]. Therefore, 
the 1227-keV state is expected to have either Jπ = 3+ or 4+ with 
Kπ = 2+ , which is populated via the 152-keV, E1 transition from 
the Jπ = Kπ = (4−) isomeric state. The E1 hindrance FW is about 
two orders of magnitude larger for the 152-keV branch than for 
the 40-keV transition, the other isomeric-decay branch towards the 
Kπ = (3+) state at 1338 keV (see Table 1). This is most likely as-
cribed to the difference in the K quantum number of the states to 
which the Kπ = (4−) isomer decays. Based on the consideration of 
the observed feeding pattern and hindrance, the 1227-keV state is 
associated with the Kπ = (2+) γ -vibrational band.
The energy systematics of the Jπ = Kπ = (3+), (4−), and (6−)
states observed for the N = 102 isotones with Z = 62 − 72 are 
shown in the upper panel of Fig. 3. They appear at excitation ener-
gies approximately equal to the pairing gap, 2 ∼ 1.5 MeV, in this 
mass region, being characteristic of two-quasiparticle (2qp) exci-
tations in even-even nuclei that involve Nilsson orbits π [Nnz]
near the Fermi surface. It should be noted that a Kπ = 6− state 
has not been identiﬁed for 168Dy in the present work. That level 
is expected to emerge at around 1.6 MeV from the energy system-
atics, and to preferentially decay towards the lower-lying Kπ = 4−
band with a short lifetime, as found for 170Er (T1/2 = 4 ns) [24], 
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sensitivity.
For 169Dy, no spectroscopic information had been reported be-
fore the present work. Fig. 2(e) exhibits a γ -ray energy spectrum 
measured in coincidence with the identiﬁed 169Dy ions within 
0.35 −6 μs. A single γ ray observed at 166 keV can be interpreted 
as an E2 transition arising from a Jπ = Kπ = (1/2−) isomer to-
wards the presumed (5/2−) ground state [see Fig. 1 (right)], in 
analogy with those identiﬁed before in the heavier N = 103 iso-
tones, 171Er (Ex = 199 keV, T1/2 = 210 ns), 173Yb (399 keV, 2.9 μs), 
and 175Hf (126 keV, 54 μs) [29]. A log-likelihood ﬁt to the time 
distribution of the 166-keV γ ray yields T1/2 = 1.26(17) μs, as 
shown in the inset of Fig. 2(d). The reduced transition proba-
bility for the presumed E2, 166-keV γ ray is evaluated to be 
B(E2; 1/2− → 5/2−) = 2.5(3) e2fm4 = 4.5(6) × 10−2 W.u. by tak-
ing into account the competing internal conversion process with 
a theoretical total conversion coeﬃcient αcalT = 0.44 [30]. The en-
ergies of the (1/2−) states and the B(E2) values in the N = 103
isotones are plotted in the upper and lower panels of Fig. 3, re-
spectively.
It is to be noted that, although the aforementioned spin-parity 
assignments rely on the level systematics and plausible arguments 
on the observed transition strengths and decay patterns, all the 
individual arguments are convincing and ensure the full picture.
The excitation energies of the Kπ = (3+) states in the N = 102
isotones vary smoothly around 1.2 MeV with a minimum at Z =
70. To understand the underlying mechanism of the Kπ = 3+ ex-
citation from a microscopic viewpoint, we have performed model 
calculations based on a Skyrme energy-density-functional (EDF) in 
the same framework as that applied to the Kπ = 2+ γ -vibrational 
excitation in our previous work [4,13]. With the use of the SkM* 
functional [35], the ground states are calculated by the Hartree-
Fock-Bogoliubov (HFB) method, while the Quasiparticle Random-
Phase Approximation (QRPA) is employed for the intrinsic exci-
tations. The experimental level energies in the N = 102 isotones 
are compared to the results of the HFB+QRPA calculation in the 
upper panel of Fig. 4, where the energy values are measured rel-
ative to the Kπ = (3+) state in 168Dy in order to highlight the 
variation in the excitation energy as a function of the proton num-
ber. It can be seen that the calculation satisfactorily reproduces 
the observed trend of the Kπ = (3+) energies. As demonstrated 
in the lower panel of Fig. 4, the ν5/2−[512] ⊗ ν1/2−[521] com-
ponent dominates the Kπ = 3+ wave functions in the N = 102
isotones considered here. The calculations indicate that the Kπ =
3+ levels fall in energy towards Z = 70 along with the increase 
in the amplitude squared of the π5/2+[402] ⊗ π1/2+[411] and 
π7/2+[404] ⊗ π1/2+[411] components. Thus, these proton 2qp 
components play a decisive role in changing the excitation energy 
of the Kπ = 3+ state along the isotonic chain. The QRPA calcula-
tion predicts that the sum of the amplitudes of these proton 2qp 
components is 14% for 172Yb, consistent with the argument based 
on the experimental gK value [36], while the Kπ = 3+ state in 
168Dy consists of a nearly pure ν5/2−[512] ⊗ ν1/2−[521] conﬁgu-
ration.
The trend that the proton 2qp admixture is less signiﬁcant in 
168Dy (and 170Er) than in 172Yb can be understood as follows: ac-
cording to the Nilsson diagram for this mass region, the position 
of the Z = 70 Fermi level is located between the π7/2+[404] and 
π1/2+[411] orbitals, giving rise to the lowest-lying proton 2qp 
state. With decreasing proton number from 70 in the N = 102
isotonic chain, the energy of this proton 2qp state relative to 
the ν5/2−[512] ⊗ ν1/2−[521] neutron conﬁguration should be in-
creased, and whereby its contribution to the Kπ = 3+ structure 
becomes smaller.Fig. 4. Top: Energies of the Kπ = (3+) states in even-A N = 102 isotones, relative 
to the level energy in 16866Dy102. The results of QRPA calculations using the SkM* 
functional are also depicted by the thick solid line. Bottom: Amplitudes squared of 
the 2qp components in the QRPA wave functions for the Kπ = 3+ excitation. The 
solid and dashed lines represent the neutron (ν2) and proton (π2) components, 
respectively, which have the amplitudes larger than 0.01.
It is noteworthy that low-lying Kπ = 3+ bands are system-
atically identiﬁed in even-even nuclei with N = 98 − 104 and 
Z = 68 − 72 [29], and that the Jπ = 4+ members are strongly 
populated by deuteron and alpha inelastic scattering [37–39] that 
tends to favor collective excitations. The measured E4 strengths 
suggest the presence of hexadecapole vibrational nature [37–39].
In order to understand the K isomerism in the doubly mid-
shell region, multi-quasiparticle calculations were performed for 
168,170,172Dy in a similar way to an approach in Ref. [40], but with 
the inclusion of particle-number conservation by means of the 
Lipkin-Nogami prescription for the pairing correlations [41]. As the 
model implements the so-called “blocking effect”, the calculated 
pairing gaps and the Fermi level become conﬁguration dependent. 
The energies and ordering of deformed single-particle (SP) levels 
were initially calculated based on the Woods-Saxon potential with 
universal parameters for ﬁxed deformations β2, β4, and β6 taken 
from Ref. [3], and then modiﬁed so as to reproduce approximately 
the empirical 1qp states in the neighboring odd-A nuclei. The 
left part of Fig. 5 compares the original and modiﬁed SP energies 
around the Z = 66 and N = 102 Fermi surfaces. The most strik-
ing difference between the two sets of SP levels is the inversion 
of the ν1/2−[521] and ν7/2+[633] orbits, which accounts for the 
appearance of the Kπ = 3+ state at low excitation energy in the 
N = 102 isotones, as discussed above. The rising of the ν1/2−[521]
level also causes a sizable gap at N = 98 between the ν5/2−[523]
and ν7/2+[633] orbitals [7].
The results of the multi-quasiparticle calculations obtained with 
the modiﬁed SP levels are shown in the right part of Fig. 5. 
Here, the proton and neutron 2qp states were calculated inde-
pendently, and subsequently corrected for the empirical residual 
interactions that depend on the conﬁgurations involved, i.e., the 
spin-singlet coupling is somewhat lowered in energy, while the 
energetically unfavored spin-triplet coupling is raised, following 
the Gallagher-Moszkowski rule [42]. The calculations suggest that 
there are two Kπ = 4− states with the ν1/2−[521] ⊗ ν7/2+[633]
and π1/2+[411] ⊗ π7/2−[523] conﬁgurations. For 168Dy, these 
6 G.X. Zhang et al. / Physics Letters B 799 (2019) 135036Fig. 5. (Left): Deformed single-particle (SP) levels around the Fermi surfaces for Z = 66 and N = 102 obtained from the original set of the Nilsson orbits and modiﬁed so as 
to reproduce the experimental 1qp states in odd-mass nuclei in the region of interest. (Right): Excitation energy of 2qp states calculated by multi-quasiparticle calculations 
using the modiﬁed SP levels. Conﬁgurations and the resultant Kπ values are indicated on the left-hand side of the excited levels. The neutron and proton 2qp levels are 
described by the blue solid and red dashed horizontal bars, respectively. The dotted lines connecting the levels with the same Kπ conﬁguration are a guide to the eye.two conﬁgurations are expected to be strongly mixed since they 
are located in energy close to each other. (Such strong mixing 
between the two Kπ = 4− conﬁgurations was suggested to take 
place in the neighboring even-Z N = 102 isotone 170Er based 
on the measured gyromagnetic ratios [24].) Using the calculated 
energy difference (137 keV) and the mixing matrix element de-
rived from the 170Er case (190 keV [24]), the wave function, 67% 
ν1/2−[521] ⊗ ν7/2+[633] + 33% π1/2+[411] ⊗ π7/2−[523], is 
evaluated for one of the two mixed Kπ = 4− states at lower en-
ergy (speciﬁed as 4−1 ), which is associated with the 1378-keV iso-
meric state in 168Dy.
According to the calculations, there are two Kπ = 6− states 
with the π7/2−[523] ⊗π5/2+[413] and ν5/2−[512] ⊗ν7/2+[633]
conﬁgurations above the 4− states in 168Dy. The neutron 2qp con-
ﬁguration was assigned to the Kπ = 6− isomers in the N = 102
isotones, 172Yb [36], 170Er [24], 166Gd and 164Sm [11]. Similarly to 
the aforementioned K = 4− case, these two Kπ = 6− components 
should be mixed with each other due to the proximity of their en-
ergies. It is expected that the mixed 6−1 state is higher in energy 
than the 4−1 state, consistent with the energy systematics shown 
in the upper panel of Fig. 3. The calculations also predict that the 
neutron 2qp excitations with Kπ = 6+ (ν7/2−[514] ⊗ν5/2−[512]) 
and Kπ = 8− (ν9/2+[624] ⊗ ν7/2−[514]) emerge at relatively low 
excitation energies in 170Dy and 172Dy, respectively. They have 
been identiﬁed as a long-lived isomer in each Dy isotope [13,14], 
while the corresponding levels were not observed in 168Dy.
In 169Dy, the Jπ = Kπ = (1/2−) state is interpreted as being 
predominantly of neutron 1qp nature, and its low excitation en-
ergy (166 keV) is ascribed to the rising of the ν1/2−[521] level to-
wards the ν5/2−[512] one. This state becomes a long-lived isomer 
because, in addition to the small energy gap, the 1/2− → 5/2−
“K -allowed” E2 transition proceeds with changes in the asymp-
totic quantum numbers, [, N, nz, ] = [2, 0, 1, 1] [43]. In-
deed, the corresponding E2 transition in the N = 103 isotone 
173Yb has the smallest B(E2) value observed to date in any odd-A
deformed nuclei [29]. As exhibited in the lower panel of Fig. 3, 
however, the B(E2) values in 169Dy and 171Er are more than two 
orders of magnitude larger than that of 173Yb. Note that the ob-
served increase in B(E2) is in phase with a sudden fall of the 
γ -vibrational states in even-A Dy and Er isotopes compared to the 
Yb levels, indicating that γ -vibrational motion is enhanced [13]. As 
such, in order to explain the increase of B(E2) in 169Dy, we con-
sider states of mixed 1qp and γ -vibrational character. Based on 
the prescription described in Ref. [44], the wave functions of the 
1/2− and 5/2− states can be described as|1/2−〉 = |ν1/2−[521] ⊗ 0+gs〉 + α1/2 |ν5/2−[512] ⊗ 2+γ 〉,
|5/2−〉 = |ν5/2−[512] ⊗ 0+gs〉 + α5/2 |ν1/2−[521] ⊗ 2+γ 〉,
where the |ν ⊗ 0+gs〉 and |ν ⊗ 2+γ 〉 terms represent the coupling 
of a neutron 1qp state with the ground state and the Kπ = 2+
γ -vibrational excitation in the even-even core, respectively. The 
mixing coeﬃcients α1/2, α5/2  1 are given by the perturbation 
theory as
α1/2 = −
〈ν5/2−[512] ⊗ 2+γ |V |ν1/2−[521] ⊗ 0+gs〉
E2+γ + E1qp
,
α5/2 = −
〈ν1/2−[521] ⊗ 2+γ |V |ν5/2−[512] ⊗ 0+gs〉
E2+γ − E1qp
,
where E2+γ and E1qp in the denominators represent the excita-
tion energy of the 2+γ state and the energy difference between 
the (unperturbed) ν1/2−[521] and ν5/2−[512] levels, respectively. 
The numerators are the mixing matrix elements between the cou-
pled states, which, for simplicity, are assumed to be equal to each 
other and denoted by 〈V 〉 in the following discussion. By omit-
ting the cross term that contains the product of α1/2 and α5/2 in 
the E2 matrix element, and using the single-particle and collec-
tive transition strengths, the reduced transition probability can be 
approximated as
B(E2;1/2− → 5/2−) ≈
[√
B(E2;ν1/2− → ν5/2−)
+ (α1/2 + 1.73 α5/2)
√
B(E2;2+γ → 0+gs)
]2
.
The values of B(E2; ν1/2− → ν5/2−) = 1.88 × 10−2 e2fm4 and 
E1qp = 399 keV are taken from the experimental data of 173Yb [29]
since, as suggested in Ref. [45], the relative smallness of the E2 ma-
trix element between these states points to an almost total absence of 
ν5/2−[512] ⊗ 2+γ in the 1/2− band. As for the γ -vibrational core, 
the value of E2+γ is estimated to be 1150 keV with the assumption 
that the observed 1227-keV state in 168Dy is the Jπ = 3+ mem-
ber of the γ -vibrational band, while B(E2; 2+γ → 0+gs) = 2.06 ×
102 e2fm4 is adopted from 170Er [29] that shows a similar en-
hancement of γ vibration. In consequence, the parameters 〈V 〉 =
−34 keV, α1/2 = 0.022, α5/2 = 0.045 are obtained. It can be seen 
that a tiny (< 1%) admixture of γ vibration with the dominat-
ing neutron 1qp component enables the large increase in the E2
strengths for the 1/2− → 5/2− transition.
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at variance with the majority of data concerning the occurrence 
of γ -vibrational mixing in well-deformed odd-A nuclides: the ob-
served low-lying K = 1/2 states of mixed 1qp-plus-γ -vibrational 
character are in most cases found to contain appreciable admix-
tures of collective components [45]. For instance, approximately 
equal components of the admixed 1qp and ν ⊗ 2+γ conﬁgurations 
were suggested for the Kπ = 1/2− state at 707 keV in 171Er and 
the Kπ = 1/2+ states at 581 keV in 159Tb and at 879 keV in 183Re. 
Such strong γ -vibrational mixing is known to occur with 〈V 〉 of 
the order of a few hundreds of keV, when the admixed 1qp ex-
citation is connected to the “base” state, to which 2+γ is coupled, 
by large (non-axial) quadrupole matrix elements, i.e., their asymp-
totic quantum numbers differ by  =  = ±2 with N and nz
unchanged.
To conclude, the excited states of 168Dy and 169Dy, which have 
two- and one-neutron vacancies relative to the doubly midshell 
nucleus 170Dy, have been populated following the decay from pre-
viously unreported isomeric states with half-lives of 0.57(7) μs and 
1.26(17) μs, respectively. In 168Dy, the Jπ = Kπ = (4−) isomeric 
state at 1378 keV is expected to have a mixed proton and neutron 
2qp conﬁguration, while the HFB+QRPA calculation suggests that 
the Jπ = Kπ = (3+) level, which is located 40 keV below the iso-
mer, is of nearly pure neutron 2qp nature. For 169Dy, the observed 
large enhancement of the B(E2) value for the (1/2−) → (5/2−)
isomeric-decay transition over the corresponding transition in the 
heavier N = 103 isotone 173Yb can be explained by conﬁgura-
tion mixing between a dominating neutron 1qp component and 
γ -vibrational excitations in the Kπ = (1/2−) isomeric state.
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